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1 Overview

Eliciting agent expectations is an ongoing challenge for economic research. In that regard, sev-
eral surveys have included questions on expectations over aggregate and individual variables
(e.g. inflation, GDP growth, own prices, etc). Moreover, since Manski (2004), there has been in-
creasing interest for estimating agents subjective distributions rather than self-reported expec-
tations. Some benefits of this approach include estimating consistent moments across agents
and being able to estimate subjective uncertainty measures. Conversely, these questions typi-
cally raise concerns on whether respondents are able to correctly report their probabilities, bias

raised by bin definitions, among others.

These notes intend to broadly describe different options for computing individual subjec-
tive probability distributions from survey data. This will allow us to compute measures of
central tendency for each individual (e.g density mean, median) and subjective uncertainty

(variance).

Several expectation surveys (SCE, SPF) ask respondents on their expectations over specific
variables (growth, interest rate, inflation, etc). I will refer to this response as point prediction.
They are also asked to assign probabilities to the occurrence of different events. For exam-
ple, the probability that output increase by 2-4% over the next 12 months, or that inflation is
greater than 12%. These questions present the challenge of computing the respondents sub-
jective distributions, as well moments from this distribution, with an “incomplete” probability

distribution.

Why bother computing central tendency expectations? If households already report point
estimates for their expectations, why not use that variable rather than computing central ten-
dency expectations? One reason is that most surveys it is not totally clear to the respondents
that they are asked for the mean of their subjective probability distribution, and thus can report

other statistic such as median or mode. Thus, central tendency expectations provide a more con-
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sistent measure across individuals (Armantier et al., 2017). Another reason is that estimating a

subjective probability distribution allows us to analyze respondents subjective uncertainty.

Table 1 presents an example from the Survey of Consumer Expectations (SCE), where in-
dividuals report their probability distribution over 12-month inflation expectations.! This table
shows two of the main problems faced when computing respondents subjective mean and vari-

ance: (i) first and last unbounded; (ii) distribution within each bin is unknown.

Table 1: Question 9 in the SCE

And in your view, what would you say is the percent chance that, over the next twelve months, the
average home price nationwide will ...

Increase by 12 percent or more
Increase by 8 to 12 percent
Increase by 4 to 8 percent
Increase by 2 to 4 percent
Increase by 0 to 2 percent
Decrease by 0 to 2 percent
Decrease by 2 to 4 percent
Decrease by 4 to 8 percent
Decrease by 8 to 12 percent
Decrease by 12 percent or more

percent chance
percent chance
percent chance
percent chance
percent chance
percent chance
percent chance
percent chance
percent chance
percent chance

2 Most Basic Approach: Histogram Mean and Variance

The most simple approach to compute measure of central tendency out of subjective distribu-
tions is to assume that the probability mass is uniform within intervals. Then, define x;, as the
median value of the bin s (e.g. 3% in the 2-4% bin).

With that, plus some additional assumption over unbounded intervals, one can simply

compute central tendency expectations as the mean of the histogram. That is, compute

E(xi+1|Zit) = ZIP Xs)Xs, (1)
SES

where E(x;11|Z; ;) denotes expectation of x;,1 given information set Z; ;, S the set of intervals of

x and P(x;) the subjective probability of x;. Likewise, variance (often referred to as subjective

!For simplicity, I will often use inflation expectations as my default example, though this is valid for expecta-
tions on several other macro variables surveyed.



uncertainty) can be computed as

Var(nt+1|Zi,t) = Z(Xs - P‘)zﬂ)(xs)/ (2)

s€S
where y = E(x441|Z;¢).
Pros. Easy to compute

Cons. Strong assumptions on probability mass within-bins and at the tails of the distri-
bution. Zero uncertainty for individuals that only assign positive probability to one bin (more

than 10% of inflation expectations respondents in SCE, see Figure 2).

3 Density Estimation

Another way to estimate respondents subjective distribution is to follow the parametric anal-
ysis presented in Engelberg et al. (2009). This method fits a generalized beta distribution to
respondents probabilities, minimizing distance of estimated cumulative distribution function
(CDF) and revealed CDF points in the data. The authors makes two assumptions. First, that
individual probabilistic beliefs are unimodal. Second, that the subjective distribution follows
a generalized beta distribution. With both assumptions, they estimate 4 parameters using the

data, 2 to describe the shape of beliefs and 2 to give their support (due to unbounded intervals).

It is possible to fit a unique beta distribution to the data iff respondents assign positive
probability to at least three bins. For the remaining respondents, Engelberg et al. (2009) propose
to assume that the distribution has the shape of an isosceles triangle. In particular, they proceed

as follows.

1. Respondent uses 1 bin. Subjective distribution has the shape of an isosceles triangle
whose support is the interval. Then for example, if an individual places all probability in
the interval 0-2%, the distribution will have support [0 — 0.02], the center of the triangle
will at 0.01 and the height of the triangle will be 100.

2. If respondent uses 2 bins. For respondents that use two adjacent intervals® the procedure
is as follows. If respondent assigns the same probability to both intervals, the support is
the union of the intervals and then fit an isosceles triangle as the 1-bin case.

If the respondent places more probability to one interval than the other, assume that the

2Typically, almost all respondent selecting two bins use adjacent bins. The few observations with two non-
adjacent intervals are dropped.



support of the subjective distribution contains the entirety of the more probable interval,
and only a fraction of the least probable one (see Figure 1). Again, the distribution has the
shape of an isosceles triangle, with mass & < 0.5 on the smaller interval and mass 1 — «
on the larger one.

We still need to identify the cutoff for the least probable interval and the height of the
triangle. Using the same example of Figure 1, note that the height is given by h = %.
Further, as the triangle with area « is similar to a triangle given by the height of the triangle

and (t 4+ 1) /2, we have that:

1 2t \2
o = — X — (3)
~ 2 t+1
mass small S~~~ ——
interval %ﬁgie}igg ratio areas
Solving for t yields
&
f=_V2 (4)
v

To get a functional form for the density, take the general case where we denote the left
and right edges of the base as I and r respectively. Given the height h = 2/(r — ), we can
get both slopes using the points ((r —1)/2,k), (1,0) and (r,0). Then using any of the latter
two points we get the intercept. With that, density f(x) is given by

—

Ao(x—1) I<x<HL
flx) = (rfl)z(r—x) HTr<x§r (5)

0 otherwise

Finally, some important notes for cases related to bins with unequal widths and open
intervals (at both ends of the distribution). For the former, the support of the triangle
is assumed to include the entire smaller-width interval if & > 0.4 and include the entire
larger-width interval otherwise. Then, proceed as the equal-width interval case to get
t and h. For the latter, if one of the intervals include an open-ended interval, the base
includes the entire inner interval, and part of the open-ended adjacent.

. If respondent uses more than 2 bins. As noted by Engelberg et al. (2009), forecaster’s
probabilities reveal points in the cumulative distribution function (CDF) of his/her be-
liefs. For example, if a respondent assigns 20% chance to inflation to be on the range
1—2%, 70% chance to the range 2% — 3% and 10% to the range 3% — 4%, then F(0.01) = 0,
F(0.02) = 0.2, F(0.03) = 0.9 and F(0.04) = 1. In the more common case were the respon-
dent use more than two intervals, fit a unimodal generalized Beta distribution to the data.



Figure 1: Illustration of two-interval case in (Engelberg et al., 2009)
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The generalized Beta distribution CDF is given by

0 x <1

A _na—1(,._,\p-1

F(x) = B(;,ﬁ) flt x (lr)_l),ﬁiﬁi? dx I<x<r (6)
1 x>,

where B(a, B) = % and I'(a) = fooo x*~le=*dx. The parameters / and r are the outer

bounds of the bottom/top intervals with positive probability, specifying the support of
the distribution. We choose « and B.

Namely, to fit the distribution, assume the respondent observed points in the CDF F(x;),
where x; € {x1,...,x7} denotes the right endpoints of the ] intervals. Then, solve

min Z(ﬁ(xj)—F(xj)) : 7)
)

If the forecaster assigns positive probability to the top and/or bottom interval, then we
also need to choose I and r. For that, add the restriction that [ and r cannot exceed (in mag-
nitude) the largest observation seen in the aggregate data. For example, if the respondent
assigns positive probability to the top interval, then solve

I A 2
min Y (F(xj) — F(x)))", (8)

a>1,6>1,r<ymax =1



where r""** denotes the maximum value observed for the forecasted variable in the data.
This method can be somewhat difficult to compute for individual-level forecasts. Also,
surveys typically don’t include moments estimated under this method. To my knowl-
edge, there are two notable exceptions. First, the SCE that includes standard statistics
(mean, variance, IQR, etc) estimated from households’ subjective distribution. Second,

replication files from Wang (2022) that provide individual moments from the SPF.

Pros. Uncertainty for respondents with one bin is not zero. Rather than assuming edges
for the open-ended intervals, it includes to additional parameters for those edges on the opti-

mization problem.

Cons. Difficult to code. Does not work well when respondents report less than 3 bins with
positive probability, which is typically a large share. For example, in the SCE, roughly 30% of

respondents only use one or two bins (see Figure 2).

Figure 2: Distributions of Bins with Positive Probability in SCE
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Notes: This figure reports the distribution (in %)of number of bins with positive reported probability in the SCE
over the period 2013-2021.



4 Comparing methods

Under complete rationality, point prediction of expectation should be equal to the central ten-
dency expectation. However, for both the histogram mean and the expectations derived from
the density estimation, I am making strong assumptions to compute the subjective distribu-

tions. Also, some respondents may be simply give a different statistic (median, mode).

Table 2 presents descriptive statistics on inflation expectations reported by individuals
(point prediction), histogram mean and central tendency expectations in the SCE. Note that
households report higher inflation expectations than the ones predicted from their subjective
distribution. Also note from Panel B over half of the sample present deviations higher than 1%.
This result is substantially higher the one found in Engelberg et al. (2009) for GDP growth (80%
within 1 percent) using professional forecasters (SPF).

Table 2: Descriptive Stats on Reported and Computed Inflation Expectations

Panel A: Descriptive statistics of inflation expectations

Stat. Mean Std. Dev. p25 p50 p90 p99 Min  Max Obs.
Point Predicion (PP) 6.11 14.46 2.00 3.00 20.00 60.00 -75.00 100.00 121,311
Histogram Mean (HM) 4.05 4.80 128 3.00 10.00 19.67 -12.00 19.67 121,630

Central Tendency Exp. (CT) 3.80 5.55 116 293 988 2500 -36.28 36.28 120,084
Panel B: Differences between point predicions and central tendency expectation

Share (%) < 0.1 <1 <3 <bh <10 <15 <25 <50 > 50
PP - HM 10.03 4448 76.58 83.67 90.15 9285 95.87 98.71 1.54
PP-CT 12.41 46.98 77.04 83.11 89.51 9279 95.88 98.64 2.72

Notes: This table presents descriptive statistics of households inflation expectation using data from the SCE. Panal A
presents stats for reported (point prediction) inflation expectation and computed (central tendency from specific event
probabilities). Panel B presents the share of observations with difference between reported and computed inflation
expectation within different thresholds.
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2 Also, if respondents report subjective mean rather than other statistic.
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